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(i) Trial and error

This is the simplest method. The parameter x is varied in a more or less
systematic manner until a minimum value of the function is found, Such a
mapping of the function is useful when it has many minima. A striking
exampie is given by Bernal {6], in a problem arising from crystal field calcu-
lations.

The trial and error method has been widely used to determine the forma-
tion constant X of a simple complex AB. K can be calculated independently
at each datum point and the spread of values so obtained is minimised (i.e.
the standard deviation on K). The data may be spectrophotometric {7—9]
or calorimetric {10]. The heat of formation of an AB complex has been cal-
culated in this way also [11].

(ii) Golden section

To find the minimum precisely the trials must be conducted efficiently.
For example, the minimum is first bracketed, and the bracket is then succes-
sively narrowed by division in the ratio of the golden section, r= [(5)*/% —1]1/2
[1]. This methed has been applied to the spectrophotometric determination
of K og, Where it converges quite rapidly {12], and to solvent extraction data
{5.L Cheng in ref. 13). However, bracketing the minimum is easy only for
functions with one minimum [12], so the method is not guaranteed to con-
verge for general functions.

(iii) Quadratic interpolation

The same defect is possessed by the fastest methods for linear minimisation
which use a simmple polynomial fit to two or three points in order to predict
the position of a minimum within a bracket. Assuming a parabolic approxi-
mation to the function, the minimuin is estimated by quadratic interpolation,
Wentworth et al. [14] used the mid-point within the bracket as the third val-
ue, as did Sillén et al. [15]. Very effective strategies have been devised by
Davies, Swann and Campey (see ref. 4) and Powell [16]. Quadratic interpola-
tion greatly speeds the linear minimisation as long as the underlying assump-
tion is reasonably valid, but this may only be true when the bracket is already
narrow. Powell’s method is included in MINIQUAD {FORTRAN, subroutine
LIMIN) [17].

{iv} Cubic interpolation

Another very effective method of linear minimisation requires the function
value and its derivative with respect to the parameter, but only needs these at
the two ends of the bracket. The function is approximated by a cubic poly-
nomial. This method seems to have originated with Davidon [18] and is des-
cribed succinctly by Fletcher and Powell [19].
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C. DIRECT SEARCH METHODS

Direct search methods take their name from the fact that the parameters
are varied directly, and the function is minimised by noting the effects of
these variations; after one cycle it may be that linear combinations of param-
eters are varied, rather than the parameters themselves. Direct search methods
are genarally not as efficient as gradient methods (see Sect. D) but are simple
and often are useful for obtaining initial parameter estimates for those meth-
ods.

(i) Grid

In its simplest form, an n-dimensional grid is formed and the minimum is
located in one unit n-space of the grid. The grid mesh may then be reduced
{or increased} in order further to localize the minimum. Such an operation is
very expensive in computer time [20] since r? points are needed for a grid
with r points along each side. Nevertheless a grid search is preferable to a
random search [4]. The grid search has the advantage of clearly revealing mul-
tiple minima [21], but obviously must converge extremely slowly. Grid search-
es have been used to obtain parameter estimates for fitting nuclear decay [22]
and ORD curves [23] and for conformational calcuiations [24] and to map
the function in calorimetric titrations [21]. They have little to recommend
them except simplicity.

(ii) Axial iteration

Varying each parameter in turn (axial iteration) reduces the number of {unc-
tion evaluations required, but a smaller region of the n-space is explored, and
alternative minima may be missed. If the function is linearly optimised during
every axial search, convergence is guaranteed, though perhaps very slow [1].
Axial iteration will fail to converge at all if the function being minimised is
virtually insensitive to the change in one or more parameters’ value.

A>xia] iteration has been used to obtain initial parameter estimates in the
determination of formation constants spectrophotometrically [25] and poten-
tiometrically [26] and as a prelude to the solution of simultaneous non-linear
equations by a regula falsi method [27]. Vibrational force constants have been
determined by a kind of axial iteration, in which the function was evaluated
many thousand times [28]. )

(iii) Hooke and Jeeves

More rapid convergence can be expected if information about the objective
function obtained during the exploration along the parameter axes is used in
subsequent iterations. This is the basis of the following methods, all of which
have good convergence properties,
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In the method of Hooke and Jeeves [ 29] a cycle of searches of fixed length
along each parameter axis {(exploratory move) from x* to give x'* ! as the best
local parameter vector is followed by a search along the direction of the vector
x'*! — x' (pattern move). Exploratory and pattem moves then altemate, the
length of the exploratory search being reduced as the minimum is approached
(direct search, ALGOL} {30]. The method has been used to obtain self-associa-
tion constants for monomer—dimer equilibria { 31] and to obtain the crystal
field splitting parameters from Nd* and Eu®' spectra {32]. It can also be used
to obtain the optimal orbital exponents when a Slater type orbital (8TO) is
expanded as a limited set of Gaussian orbitals {33, 34], and indeed to mini-
mise the self-consistent field (SCF)} energy in quantum-mechanical calcula-
tions {35—37].

{iv) Rosenbrock

Bosenbrock’™ method makes more use of the directions generated by the
axial searches. In fact the parameter axes are replaced by a progression of
orthogonal vector sets designed so that each line search {of fixed length} pro-
duces the greatest decrease in the objective function [38]. A particular advan-
tage of this method is that it is easily adapted to deal with constrained mini-
misation, as in a study to determine the pathway for insertion of a singlet me-
thylene group into a C—H bond. The :CH, group is constrained to approach
the C—H bond symmetrically [39]. The method has been little used in chem-
istry [40] but has been used extensively in other fields. Tts advantages are sim-
plicity, directness and good convergence,

A variant of this method [41] in which each line search is subjected to one
quadratic interpoiation is claimed to be somewhat more effective, but this
method is not referred to in the open literature.

(v} Powell 64

This method [16] is so designated to differentiate it from other methods
by the same author who has made so many valuable contributions to the field.
It is undoubtedly the most effective of the direct search methods in terms of
guaranteed and rapid convergence, but it is also the most sophisticated. It
generates a progression of “conjugate directions™ for which powerful conver-
gence proofs can be derived [1].

In practice the promise implied by these proofs is often fulfilied, For exam-
ple, rates of reaction at various pH values were fitted to a nine.parameter
model (five rate constants, four equilibrium constants) using Powell 64 where
three other methods had failed to converge [42]. The method has been used
suceessfully in many other data-fitting problems such as optical dispersion
studies {43], formation constant calewlations {12,44,45], fithing NMR contact
shifts [46], X-ray powder patierns [47] and deriving second virial coefficients
[48]. It is widely used to optimise the Gaussian orbital exponents in STO ex-
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pansions [49] and a general purpose curve-fitting program in which Powell
64 is optionally available has been described [501]. Powell 64 has been used
to minimise Schottky defect energy as a function of atomic displacements
{51], but a gradient method (see Sect. D) is probably superior {52]. A simi-
lar conclusion was reached in connection with geometry optimisation by a
semi-empirical MO method [53]. Powell 64 has alsoc been used to minimise
SCF energy directly [54,551. A FORTRAN subroutine is contained in the
A.E.R.E. Harwell Subroutine library (VAO4A).

(vi) Simplex

Here the minimum s localised in a volume of n-space. In the “regular
simplex” method [56] the volume is defined by a set of n + 1 mutually equi-
distant vertices, i.e. an equilateral triangle in 2-space, a tetrahedron in 3-space,
etc. The local minimum is found by examining those simplexes obtained by
reflecting a vertex through the (hyper) plane formed by the other vertices.
The vertex with the largest function value is rejected and the search is system-
atically continued until it becomes necessary to reduce the size of the simplex.
Nelder and Mead {(NELMIN, FORTRAN) [57] 2xtended the concept by al-
lowing the simplex to vary in size and shape, which allows it to adapt to the
local behaviour of the objective function. It is clearly a powerful method for
obtaining approximate minima, but the convergence properties are poor.

The Nelder—Mead method has been used to fit polynomials in adsorption
studies [ 58] and to test a new theoretical sorption isotherm {59]. it has also
been used to obtain hyperfine splitting parameters in well-resolved ESR spec-
tra [60] ana to determine reaction rate constants [61]. It has been used to
determine optimal molecular geometries in ground and excited states in the
MINDO/2 = pproximation [62,63]. A novel application is in the determination
of the coefficients needed when chromatographic peaks are described by
Fourier anaiysis [64].

(vii) Conclusions

Direct search technigques principally perform two services — to obtain ap-
proximate solutions and to minimise functions which cannot be differentiated
analytically. For the former purpose the simple methods are adequate, with
Hooke and Jeeves [29,30] or Nelder—Mead [57] methods giving a reasonable
balance between simplicity and efficiency. However, the relatively slow con-
vergence means that it is difficult to define convergence criteria satisfactorily.
If too slack a convergence criterion is imposed, the refinement may terminate
before the approximate minimum has been reached. If the convergence crite-
rion is too strict the model will be refined to the true minimum, which is in-
efficient because of the slow convergence. Another advantage accruing from
the simplicity of direct search methods is that they require very modest
amounts of computer store, which makes them very suitable for implementa-
tion on miniccmputers. For complex problems Powell 64 [18] is indicated.



105

D. GRADIENT TECHNIQUES

Gradient techniques are based on the proposition that the gradient g of a
function S iz equal to zero at the minimum.

gs=aa—f=o,g= {gy . £n} (3)

X

The problem of finding an unspecified minimum is therefore replaced by the
problem of finding the parameter vector ™ for which the gradient has the
specific value of zero. This is computationally 2 much simpler probliem and
was solved by Isaac Newton. An estimate of the minimum, x is improved by
adding to it a shift s calculated so that, given certain conditions, x™® =x + 5.
The first conditicn is that the function is quadratic in the parameters x, as ex-
pressed in eqn. {4}.

S=g+xTh + ixTGx (4)

The gradient is obtained by differentiation,

g“%sﬁb“‘;x, grin =5+t Gx™" =0 (5
from which & = —Gx™", The second condition is that G, the matrix of second

derivatives, or Hessian, egn. {£), is positive definite.

_ 3%
Gii = dX;0X; (®)
(In the case of a function of one variable a minimum is specified by g = 0 and
G positive). Upon rearranging the terms of eqn. {5} we obtain

g=—Gx™M" + Gx = —G(x™" —x) = —Gs {7)

The shift vector s is therefore obtained by solving the n linear simultaneous
equations Gs = —g for the n parameters {x; ... x,}.

If the function is not everywhere guadratic, x™® must be sought by suc-
cessive approximations, and it will be found if § is quadratic at the minimum.
In fact all functions are approximately quadratic in a region “near” to the
minimum. Raphson expressed the refinement with the recursion formula

Rl (8)

where £ is an iteration number [65]; the iterative method is therefore known
as the Newton{(—Raphson) method, and it can be used to minimise any funec-
tion. However, two specific function forms merit special discussion. If the
function is a sum of squares, as in

S = E Ua_z, U; o J';'Obs __,yfcalc (9}



106

it is easy to derive eqns. (10) and (11},

< 3v; Dy;
g =—2 L Jyu, i = 3% =5 (10)
=
B g 2 i ;) :
Gin =2 E oy, 2 0¥ 0¥ (11)

! x;0x, ax,, ax; dxy

By ignoring the first term in egn. (11) involving the second derivatives

3%y {0x;3x, one obtains an approximation to the Hessian that involves first
derivates only, G = 2JTJ, which can be substituted with eqn. (10) into eqn.
(7) to give

—2J%Js = ~3J%v (12)
If the observations have an associated weight matrix W, it is easy to derive
J™W[s = J*Wo (13}

known as the normal equations for least squares. Equation (13) represents
the Gauss—Newton{(—Raphson) method. Although its derivation by Gauss,
that is, the principle of least squares, was based on quite different considera-
tions [#6—68], we have derived it in this way in order to show its computa-
tional affinity to the Newton{—Raphson} method.

If m = n, we have a set of non-linear simultaneous equations f; = 0 and
eqn. (13} s1mphf1es to

Js=v (14)
This is known as the Newton{—Raphson) method for non-linear equations.
It is regrettable that the names of Newton, Raphson and Gauss are used

somewhat indiscriminately in the literature, a fact that can cause the unini-
tiated reader much confusion!?

E. LINEAR LEAST SQUARES

When the functions y; are linear in the parameters x (as, for example, when
¥; is a polynomial in the independent variable 2;) equation (15) results.

I=n
= 21 %y, Iy = Flz) (15)

The sum of squares S is verifiably a quadratic function in x and G is constant.
It follows that the Gauss—Newton method should converge to x™* in one
step from any trial value x°. One may therefore choose x° = 0, y° = 0 without
loss of generality and egn. (13) becomes (JTW. )™ = J’Tlrlf'_'y""“3 Thus, a inear
least squares problem is distinguished by the fact that initial parameter esti-
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mates are not required and by the fact that the solution is not iterative. Also,
because of the form of eqn. (15}, no explicit differentiation is performed,

(i} Polynomials

Polynomials are widely used in order to define empirical relationships be-
tween data and an independent variable; an example is the e.m.f. of an Ag/
AgCl electrode expressed as a cubic polynomial of media effects [63]. A
sixth-degree polynomial was used to fit reaction rate data in order to integrate
the rate equation [70]. Cubic polynomials are often used to define the base-
line of a spectrum, e.g. y-ray spectra [71,72]. Formation constants of ML,
complexes may be obtained from polynomial fits, but poor computational
procedures may lead to misleading answers [73].

For high-order polynomials, numerical difficulties are aimost certain to
arise when using conventional techniques to solve the normal equations (13},
because the equations are intrinsically likely to become ill-conditioned for
large n [ 74]. The problems are best solved, not by using sophisticated tech-
niques to solve the normal equations (a procedure limited by the precision
of the computer) but by reformulating the problem s¢ that ¥; is a2 sum of
“orthogonal polynomials”. This automatically removes the ill-conditioning
from the normal equations and has a further significant advantage: having
solved for polynomials of order up to n, polynomials of higher order may be
added without having to recalculate the coefficients of the lower-order ones!
Thus the task of finding the lowest-order polynomial that gives an adequate
fit to the data is greatly simplified. An application of this kind to polarograph-
ic data has been given by Karmalkar [75]. In the design of magnets for §-ray
spectrometers the standard least squares method failed for n > 7, but ortho-
gonal polynormials were satisfactory [76].

Recause of the advantages described above, the use of orthogonal polyno-
mials is recommended even when n is small.

(ii) Linear models

Examples of linear models are provided in those situations where the ob-
served effect is a simple sum of contributing factors. For example, a heat
change is the sum of heat changes for each competing reaction {77], or a mass
spectrum peak is the sum of peaks belonging to ions of similar mass [78,79].
These problems are solved by conventional technigues. A set of absorption
spectra might be expressible as combinations, in various proportions of two
or more simple spectra as, for example, when two chemical components are
present in varying proportions. A sophisticated linear least squares technique
then provides both the spectra of the components and the proportions present
in the observed spectra even when the component spectra cannot be observed

independently {80].
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(éii} Library spacira

In neutron activation analysis an observed spectrum consists of a sum of
the spectra of the constituent elements {811]. 1f the spectra of the elements
are stored in standard form in a “library”, linear least squares techniqus=s may
be used to determine both the elements present and their proportions |81,78].
'Eckhoff {82] applied this method to -y-ray spectra and applied statistical tests
to determine whether the proportion of any component is significant, given
that even the library spectra are subject to uncertainty. The method is
useful with the overlapped spectra obtained when using a scintillation detector,
but has perhaps been superseded by the use of semiconductor detectors which
give more clearly resolved spectra. A similar technique has been applied to the
automatic identification of compounds from their six most intense mass spec-
trum peaks, using the ASTMS catalogue of reference spectra {83}.

(iv) Rigorous Iinear least squares

The term rigorous is applied to those problems where the independent vaxi-
able, z in eqn. {1), is subject to experimental error. { The usual least squares
treatment assumes z is exror free.) Cumming et al. [84] describe the compu-
tation of two formation constants by ‘“rigorous’ straight-line fitting. In this
situation proper weighting becomes extremely important, as shown by the
fact that pX values may be more than one pK unit in exror when the calcula-
tion is not properly carried out.

(v) Smoothing and differentiation

A curve comprising a set of data at equal intervals of the independent vari-
able may be smocthed to remove excessive experimental “‘noise™ by piece-
wise fitting of a polynomial to small sections of the curve and by replacing
each experimental point by one calculated from the pelynomial’s coefficients.
The smoothed differentials of the original curve may also be obtained from
the same coefficients. It practice, because of the equal abscissa intervals, the
whole process is arithmatically trivial; one calculates the convolute, or weight-
ed mean of the experimental points multiplied by appropriate convoluting
integers, which may be obtained from tables {85]. Data smoothing is usually
perforimed prior to some other data reduction process, Differentiation finds
a major application in the automatic location of peak maxima in spectra (see
Sect. K{iv)).

Spline functions may also be used for piece-wise fitting of data curves. A
spline function of order n is a set of nth order polynomials with continuous
derivatives up to but not including the nth derivative. Thus, a first-order spline
function is simply a set of straight-line segments. Cubic spline functions have
continuous first and second derivatives, i.e. the slope and curvature are con-
tinuous, and each segment of the curve is a cubic polynomial [86]. Spline
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functions allow any experimental curve to be described wholly by one empiri-
cal function, including skewed spectrophotometric absorption curves [87].

F. NON-LINEAR LEAST SQUARES

An iteration of non-linear least squares refinement consists of setting up
and solution of the symmetric linear equations {13). Experience has shown
that while there are many cases where the iterative refinement proceeds
smoothly to the required minimum there are many other cases where this is
not so. We concentrate on the latter since methods which converge with diffi-
cult problems are a priori methods which will converge most efficiently on
general problems. The extra time and effort required to implement the more
elaborate methods should be amply repaid if non-convergence is avoided.

From eqns. (10) and (11}, the whole Jacobian need not be stored; only
the n elements corresponding to the ith data point are needed at any one time.
The principal cause of convergence difficulties lies in the approximation that
G ~ 2JTW]J. There is therefore no point in using double-length arithmetic in
calculating the approximate . However, care must be exercised in solving the
normal equations. Although the solution can be expressed as s = (JTWJ) /"Wy
it should not be obtained by first inverting the matrix (JTWJ). The method
usually preferred is based on Choleski factorisation [74] using single-length
arithmetic, though iterative improvement of the solution {74] costs little in
extra store and time. The Gauss—Jordan method with partial pivoting
{MTRXIN, FORTRAN) [88] is often satisfactory, thcugh it does not have
the stability of the Choleski method. The matrix (JTWJ) ™~ which is needed
for the standard devialions of the parameters should be calculated separately;
a routine that performs both operations simultaneously is included in ref. 17
{LINEQ@, FORTRAN}.

An alternative method of solving the normal equations, due to Golub, in-
volves orthogonal transformations [89]. This is faster than elimination meth-
ods on well-conditioned matrices and not inferior on badly conditioned ones
[1]. It has been used in force constant calculations {90]. Its main drawback
is that the whole Jacobian must be stored.

If the shift vector calculated is nevertheless such that the sum of squares
does not decrease, this indicates that s is too long and perhaps also points in
the wrong direction. The former defect is corrected by a technique we call
step cutting, the Jatter by damping.

(i} Step cutting

The basic iteration eguation {8) is modified so that a fraction of the shift
vector is applied

-thi-l =xh’ +ask (16}
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Aldous and Mills chose a = § for the first few cycles [91] Law and Bailey
choose the largest useful value of a in the series 1, 2 o 4. ... {921, and this ap-
proach has worked well for Mosshauer spectra [93,94]} and chromatography
peaks [95,96]. a = 1 has been suggested [97] as has the series 1, i, 1, .-
[95]. Wentworth et al. found an optimal value by quadratic interpolation
between a = 0, % %, 1 [14]. A quadratic interpolation, followed by a second one
if. deemed necessary, was used by Sabatini and Vacca [99] and in a generalisa-
tion of their program {17} ¢ was optimised to a tolerance of 20% using Powell’s
method [16].

If o is linearly optimised, then convergence of the Gauss—Newton method
is guaranteed [100}. Therefore a good step-cutting strategy gives a refinement
that fails only when the normal aquations matrix appears to be not positive
definite.

{ii) Damping

Step cutting may appear to be inefficient if the search vector s is pointing
in the wrong direction; a rotation towards the direction —g, along which the
function has the greatest local rate of decrease, might be helpful. This result is
achieved if the function is minimised subject to the condition that the length
of s is also minimised. As a result eqn. {13) becomes

UJTWJ + ADYs = ["Wov (17)

D is a diagonal “weight” matrix usually taken either as a unit matrix or as
equal to the diagonal elements of (JTWJ). Equation (17) has been derived in-
dependently on at least five occasions [101—105], and Marquart’s coding has
become widely used through the IBM SHARE library (FORTRAN), and A is
now known as the Marquart parameter.

The chief difficulty with the damped least squares method is to choose a
good strategy for the scalar A. Frazer and Suzuki give a graphic illustration of
this for absorption curve fitting in ref. 78. Fletcher has modified Marquart’s
strategy in such a way that on many iterations a second function evaluation is
not needed [106]. Such an efficiently coded algorithm (VAO7A, FORTRAN)
[106] may be much faster than Marquart’s, with the result that comparisons
of efficiency (see Sect. J) may be invalidated.

Step cutting may also be applied to the damped shift {107]: Meyer and
Roth claimed that their method converged where Marquart’s failed on double
exponenlial decay data. The step fraction was obtained by cubic interpolation
for force constant calculations [108].

An early application of Levenberg’s method to force constant calculation
[109] clearly has stimulated others in this field [110—114], and in fitting
NMR spectra [115] and chromatograms [116].

Marquart’s method has been used to fit microwave spectra [117,118}, reso-
nance spectra {119], GLC peaks [120] and osmotic coefficient data [121],
and to ealculate second virial coefficients [122,123], optical constants [124]
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and formation constants [125,126]. It has also been used to determine inter-
atomic potentials numerically using poor parameter estimates [127] and with
solvent extraction [128,129} and kinetic studies [130,131}. A general purpose
curve-fitting program has been deseribed [50] and another published by Frazer
and Suzuki in ref. 78 (BANDFIT, FORTRAN).

From the wealth of successful applications it will be clear that the Marquart
modification of the Gauss—Newton {Raphson) method is the most useful gen-
eral purpose method for non-linear least squares prohlems. Its advantage over
step cutting is that the latter will fail if the normal equations matrix (J*WJ) is
not positive detinite, whereas AD can always be chosen so that (JTW/J+ AD) is
positive definite.

(iii} Numerical derivatives

When the Jacobian J cannot be evaluated analytically, it is obvious that it
can be obtained by a finite difference method, J;; = 8y; /3x;, requiring m X
(n + 1) Function evaluations. This approach is used in the program SCOGS
(FORTRAN) [132] (see also ref, 133) to determine formation constants, a
prograin that occasionally fails to converge [134,135]. It has also been used
to fit chromatographic peaks with empirical shape functions [95]. However,
this method suffers frem three serious defects: (1) the increments for the
finite difference must be chosen very carefully to be neither too large nor too
small; (2) any derivative approximated by a straight line segment is subject to
truncation error [67]; {3} the errors in J are multiplied togethes in forming
(JTW]J). These defects are avoided in a method we caii Powell 65 [13€]. Here,
a set of directions and an approximation to (JTWJ) are updated. This excellent
algorithm is not in wide circulation (A.E.R.E. Harwell library program VAO2A,
FORTRAN). Anderson et al. used it for chromatography peaks and found
that it used slightly more store than that of Law and Bailey [95]. Hyperfine
and quadrupole tensors were obtained from ESR spectra using Powell 65 [137].
It has also been applied to Mossbauer spectra [24] and to refine extinction
and anharmonic parameters in ihe crystal structure of calcium fluoride [138].
A modification of Margquart’s method to accept numerical estimates of the
derivatives was applied to the least squares fit of atom—atom scattering angles
{139]. This must be very expensive in computer time. Another algorithm that
uses numerical derivatives, due to Peckam [140], uses fewer function evaluations
than does Powell 65, but is a little less efficient in terms of the number of
routine computing operations. Yet another algorithm exists (A.E_R.E. Harwell
library program VAQOSA, FORTRAN} which uses a hybrid Marquart—steepest
descent approach. Details of this have not been published, though it is an ex-
tension of Powell’s method for non-linear equations (FORTRAN)} [141].
More details about these methods may be found in a comprehensive review by
Powell in ref. 142,
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(iv) Rigorous non-linear least squares

Although the basic theory has been described by Deming [68], there are
few reported apolications. Wentworth [143] describes a program used in con-
iunction with teaching experiments, and Lingane and Hugus [144] a program
for the spectrophotometric determination of formation constants.

It seerns likely that, as the precision of measurements improves, efrors in
the independent variables will become significant and that rigorous least
squares will be more widely used. A startlingly unconventional differentiation
technique is claimed to give a rapidly convergent algorithm [1435].

(v) Miscellaneous

In SPIRAL [146] the end of the trial search vector s traces a trajectory be-
tween the Gauss—Newton direction and the steepest descent direction. Jones
applied this prograra to a variety of chemicatl data and found that convergence
was more rapid than with Marquart’s coding of the damped least squares meth-
od. It is doubtfui if SPIRAL has much advantage over Fletcher’s coding [106].

The generalised or pseudo-inverse has recently attracted attention, e.g. in
force constant calculations [147]. However, the damped least squares method
turns out to be a particular example of the pseudo-inverse [148,1491,

Crystallographers often adopt a block-diagonal approximation to the normat
equations matrix. In this case compensation for the errors introduced by igno-
ring the off block-diagonal elements is obtained by adjustment of the length
of s [150].

G, SEPARABLE VAR.ABLES

If often happens lhat some parameters appear linearly in the defining equa-
tions; examples occur with calorimetric titration [151] and the Arrhenius
equation. Linear and non-linear parainefers are then sald {9 be separable. Given
the “non-linear’ parameters, the “linear” parameters can be ootained by linear
least squares {152]. The advantages of this device as a general procedure are a
reduced dimension and a simpler surface to the function leading to faster and
more stable refinements, Application to, for example, doubie exponentjal
decay data [152] brings this out clearly. However, the differential coefficients
of the “rion-linear” parameters must be evaluated with care. In SCF calcula-
tions orhital coefficients have long been treated separately from orbital ex-
pcnents [153].

A truly startling development in technique for separable variables has been
presented by Golub and Pereyra [153(a)] from the original variable projection
a;gorithm of Scolnik. In this, the *linear parameters” apparently vanish from
consideration; no initial estimates are required for them, and the optimal val-
ues appear in the solution! The method is based on the differentiation of the
pseudo-inverse and uses Golub’s orthogonal factorisation technique [89]. It is
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particularly useful for fitting sums of exponentials, i.e. Gaussian functions,
which arise in decay and curve-fitting problems.

H. GENERAL FUNCTIONS

General functions can be minimised by direct search methods, or, when
derivatives are available by Newton’s method, by eqn. (7). When the Hessian
is obtained by successive approximations using first derivative (gradient) infor-
mation only we have a class of methods known as quasi-Newton methods.

(i) Least squares functions by Newton's metkod

Equation {(11) applies to the minimisation of a sum of squares by Newton’s
method. Its advantage is more rapid convergence *‘near’” the minimum, but
against this must be set the time required to evaluate the second derivatives
3%y;/ax;dx), and the fact that away from the minimum the second derivatives
are irrelevant.

Orioli and Vacca compared the Newton—Raphson and Gauss—Newton
methods for crystal structure refinements [154] and found that, while fewer
iterations were needed, the overall time required was similar. Parameters in
atomic Thomas—Fermi—Dirac potential functions were obtained by the
Newton-—Raphson method where the Gauss—Newton method failed [155].
However it was found necessary to optimise the shifts by quadratic interpola-
tion [155]. (N.B. these are sums of exponentials with linear coefficients.)
Newton—Raphson and Gauss—Newton methods with shift optimisation in
each case were compared for formation constant calculation [991], but inclu-
sion of the second derivatives increased the time needed for convergence.

We conclude that the Newton—Raphson method is not paxticularly suit-
able for least squares problems, except perhaps when exponentials are in-
volved.

(ii) Quasi-Newton methods

The basis of these methods is that an approximation to the Hessian, or
more usually its inverse, is updated at each iteration, in which a shift vector
is calculated from eqn. (7} G's' = —g or its inverse & = —H'g'. The approximate
Hessian G! or its inverse H' is required to be positive definite and will usually
be “exact' after r iterations if the function is quadratic.

Davidon published the first report of a quasi-Newton method {181, and
his method has been applied to least squares fitting of Mossbauer [156], ESR
[157] and ~y-ray spectra [158], and to calculate stability constants [1569].
Davidon’s method was improved by Fletcher and Powell [19] (FLEPOMIN,
ALGOL) [160] and convergence proofs were given. Although the method has
theoretically a numerical instability [161], proofs that it will converge for
general functions {162] are supported by the widespread successful use of
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the method [52,168,164]. This is particularly true of SCF calculations [165—
168].

An alternative updating formula which is better than the original one has
been developed by Fletcher [169] and others, and a program using this has
been published {VAO9A, FORTRAN) [170]. Another updating scheme [171]
was used to minimise SCF energy and was found to be five times faster than
Powell 64 [52]. Biggs has developed a scheme in which H' maintains positive
definiteness when the function is not quadratic [172]. This was successful on
some exponential sum problems where the other updating formuia failed to
converge,

All these methods update the approximate inverse Hessian. Gill et al. up-
date a factorised form of the Hessian iiseif in an attempt to improve numerical
stability [173] and have published their program [174].

(iii) Damped Newton’s method

As with the Gauss—Newton method, the Hessian may be modified by ad-
ding to it a diagonal matrix, particularly when the unmodified Hessian is not
positive definite. This underlies Greenstadt’s method [175] which has been
applied to the evaluation of two-centre integrals [176]. A similar technique
{1771 has been modified and used for spin-optimised SCF wave functions
where the undamped Newton—Raphson method faiied [178]. A comparison
on test functions shows the damped Newton method to perform well when
compared with Davidon, Powell 64 and Hooke and Jeeves [5].

(iv) Nurmerical derivatives for quasi-Newton methods

Stewart has described how numerical differentiation may be incorporated
into the Fletcher—Poweli method, using the approximate inverse iessian in
order to choose those increments which minimise the truncation error [179],
and these suggestions are embodied in DAPODMIN(ALGOL) [18C]. This has
been applied to potentiometric titration data [181] and to the general com-
putation of formation constants (in a FORTRAN transiation) [182]. A pro-
gram that incorporates alternative updating formulae is given by Fletcher
(VAIOA, FORTRAN) [170].

fu} Pit mapping

This name was coined by Dryssen et al. [183] to describe the process
whereby the function is assumed to be quadratic, and the coefficients @, &
and G of the quadratic expression {4) are obtained numerically. It is there-
fore equivalent to Newton’s method with numerical derivatives. It requires
1 (i + 1)(n + 2) evaluations of the function per iteration, compared with n + 1
for Stewart’s method. Greatly improved results are obtained if the axes, along
which the increments are taken, are *twisted” to give maximum function de-
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crease for each parameter increment (LETAGROPVRID, ALGOL) [184]. The
method works well if the underlying quadratic assumption is a good one,
though often a precalculation is needed to obtain this condition {185}. Apart
from potentiometric titration work, for which it was originally developed
[1881, pit mapping has been applied to NMR coupling constants {187} (ini-
tial estimates by simulation), solvent extraction data {188] and formation
constant determination from spectrophotometric [25,189,190] and calorim-
etric data {191].

Pit mapping was “rediscovered” for fitting radioactive decay curves [22]}
(initial grid search) and for minimising SCF energy [37]. In the latter case,
however, the minimum obtained by the method of Hooke and Jeeves was not
improved by pit mapping.

{vi) Miscellaneous

Use of s = —g, known as the method of steepest descent, has guaranteed
convergence, but in practice extremely slow convergence, on general functions,
for reasons discussed in ref. 1. Early use of this method for SCF energy mini-
misation has now been discontinued.

—g may be used as the initial vector for generating a set of “conjugate direc-
tions; after n of these have been searched a quadratic function will be mini-
mised. Fletcher and Reeves implemented this idea (FUMICOG, ALGOL) [192}
in an algorithm which has minimal storage requirements. For this reason it
may be well suited for problems with many parameters, and it is effective for
the linear parameters in SCF calculations [153,166]. It has also been used to
minimise SCF energy [193] but, while it is better than steepest descent,
Roothaan’s method is better still [168].

1. NON-LINEAR EQUATIONS

Least squares problems which are not greatly overdetermined (#z ~ 1) can
lead to meaningless fits [194]. When m = n, eqn. (14) is appropriate, Js = v. A
fundamental difficulty arises because J may be unsymmetric and/or not posi-
tive definite (unlike JTWJ which should always be so) and convergence is not
guaranteed. This has led Sillén’s group to prefer a regula falsi method to
Newton’s method [27,195]. Convergence problems were noted by Bard and
King [98] and avoided in COMICS(FORTRAN) [196] by a most unusual
method of successive approximations. These problems all arise in the field of
solution equilibria, in the calculation of free reactant concentrations.

The state of the art has been surveyed recently [197].

Powell’s hybrid method which does not require derivatives has been men.
tioned [141]. Powell also states [198] that an algorithm due to Broyden [199]
is faster and more reliable than generalised secant methods, see ref. 1.

The computation of vibrational force eonstants by fitting vibration fre-
quencies is notoriously liable to non-convergence, mainly because the param-
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eters are often physicaily underdetermined (s < n). Many efforts have been
made to overcome this problem [147], usually using step cutting or damped
least squares. For the refinement of diagonal symmetry force constants

{m = n}J may be singular at the minimum, but in spite of this the Fletcher—
Powell method always minimised the sum of squares smoothly and efficiently
{200}. In certain circumstances the Hessian may also be singular at the mini-
mum. Refinements using the Fleicher—Powel! method were also successful here,
though the refinements became relatively slow [201].

J. COMPARISONS OF METHODS

The efficiency of 2 minimisation algorithm can be measured by its reliability,
i.e. whether it always converges satisfactorily, and its speed. For the chemist
speed, though desirable, is less important and fortunately the most reliable
algorithms are often the fastest. Unfortunately the reliability of an algorithm
is affected by external factors such as the formulation of the problem and the
quality of the initial parameter estimates.

Bard compared the efficiency of 13 algorithms on 10 test problems of least
squares, maximum likelihood and Bayesian estimation types {202]. The Gauss—
Newton method with “crude’ shift optimisation came out best, closely follow-
aed by Marquart’s method. Quasi-Newton methods were consistently slower
and sometimes unreliable.

Duke and Gibb compared six methods for fitting Mossbauer spectra [94].
Gauss—Newton with crude shift optimisation, following Law and Bailey [92],
sometimes failed to converge but was, with Powell 65, the fastest method.
Storage presents difficulties with large problems when using Powell 65.
Fletcher—Powell and Powell 64 both failed even with good parameter esti-
mates, Fletcher—Reeves always converged, but slowly. Nelder—Mead was slow
but did converge with good parameter estimates. Marshall et al. found Davidon's
method unsuitable for small computers, and settled for Law—Bailey [93].

Pitha and Jones compared methods for fitting IR spectra {203], but did not
consider a shift-optimised Gauss—Newton method. Levenberg’s method with
optimisation of J., eqn. (17), sometimes failed, but a modified version proved
to be better than Marquart’s method using D;; = (JTWJ);; and \ optimisation.
Fletcher—Powell was speeded up by using H0 = (JTWJ)~! in place of H®= E *
but was still relatively slow.

It is clear that the Gauss—Newton method with shift optimisation or with
damping is the best for least squares problems. Shift optimisation involves no
arbitrary or ad hoc devices, whereas the damping factor XA is not theoretically
determined. Fletcher’s strategy [106] probably offers the kest compromise
between speed and reliability for most least squares problems. An exception
comprises models with sums of exponentials, for which a Newton or quasi-

* A similar observation is in ref, 201,
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Newton method may succeed where a Gauss method may fail, but the variable
projection method may be more reliable.

Izatt et al. compared pit mapping with Davidon for entropy titration data.
They concluded that Davidon was more reliable than pit mapping but a little
slower [21].

Sabatini and Vacca give data which show that pit mapping (simplified
LETAGROP) is faster than SCOGS {numerical Jacobian)}, but showed that,
when the problem was reformulated so that an exact Jacobian is obtained,
Gauss—Newton with shift optimisation was faster still [99]. The different
conclusions reached by Tobias and Yasuda probably result from a different
parameter scaling {133].

Thus, when the function cannot be differentiated the same consideritions
apply as given above. If Powell 65 requires too much store, then perhaps
Peckam [140] may be useful.

K SOME PROBLEMS ARISING

Many difficulties in data fitting have a chemical as well as a computational
source, A few of these can be considered here.

(i} Multiple solutions

If the data are insufficiently precise or extensive they may possibly be fitted
by two or more parameter vectors. This happens in the determination of
pseudo-symmetric crystal structures {204,205], but a false minimum may
even be found in a well-defined structure such as adamantane [206]. Multiple
minima occur unpredictably in many areas such as in electron diffraction work
[207], in fitting chromatography peaks [95] and MCD spectra {208] and in
kinetic data [42]. Two sets of force constants fit the {overdetermined) vibra-
tional data for methyl fluoride [91]. Some say that forxmation constants are
occasionally ambiguous [73,209,210}, though this suggestion is dismissed by
others {15]. Entropy titration data may give two minima [21].

The chemist must always be alert to the possibility that a computed solution
is not unique, though no general method exists to assist him here. Closely
spaced minima will cause computation difficulties. This is especially true in
spectral band analysis where two overlapping bands may be “simulated” by
one broader band {211].

(ii}) Scaling the parameters

The parameters should be so chosen as to make the function as nearly as
possible quadratic [212]. Also, a conflicting requirement is that the elements
g; of the gradient should be comparable in magnitude. For example, the scal-
ing x = In « is useful for orbital exponents [153] and 3-decay data {213]. For
formation constants x = log § put all the parameters on a pK scale and appears
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attractive {132,133]. However, if the 8’s appear linearly in the least squares
equations this has a disastrous effect on the function, which is roughly qua-
dratic in B{182].

The transformation x = In « ensures that « is positive. The transformation
a =+/a also keeps «a, the new variable, positive, since a = x2 but also dictates
that the function has two minima, at +x.

Scaling of the least squares normal equations is desirable, [74] and can
sometimes be achieved by parameter scaling [17].

(iii) Constrained minimisation

This is discussed by Box et al. {4) and a decision for algorithms is given by
Fletcher [212]. The generalised least squares method can he easily adapted
for simple constraints [214]. Equality constraints, such as apply to band in-
tensities in resonance spectra, are simply accommodated by working with a
reduced parameter set. [37,94,215}. Constraints may be treated as weighted
subsidiary equations in crystallography [216].

In chemistry parameters are often subject, for physical reasons, to non-neg-
ativity constraints, i.e. x; > 0. This can be achieved by a change of variable [4],
though not without attendant dangers (vide supra). For example, in resolving
mass specira, non-negativity constraints tended to introduce a bias against
small parameters [217]. For these reasons it is probably better to allow pa-
rameters to assume negative values during the refinement, while ensuring that
the function is continuous, or to eliminate them completely [218]. An inap-
propriately negative parameter implies either that the model is wrong or that
the data are inadequate; the remedy should therefore be chemical rather than
computational.

(iv} fnitial parameter estimates

The need for “good” initial parameter estimates to avoid non-convergence
has been freqguently stressed [6,23,31,94,97,203,209,219,220]. It applies with
the most powerful refinement methods, though with less force. Direct sear-
ching for inilial parameter estimates has already been discussed. Simulation
{1871 or other analogue devices, e.g. a curve analyzer, are sometimes used.

Differentintion gives an indication of peak positions in experimen?al curves.
First derivalives [220,221] give poor resohution; second derivatives give better
resolution [158,222]. However, because experimental noise is magnified by
the differentiation process [96] some type of smoothing is essential. The con-
volution technique {vide supra) may perform smoothing and differentiation
simultanecusly [85]. Morrey has suggested that third and fourth differentials
give the best resolution, but spurious peaks may be introduced [223]. A
method for fourth derivatives based on simple differences [224] cannot be
recommended, though it may work on closely spaced-data [225].

Curve differentiation locates peaks regardless of the functional form of the
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bands. It can therefore provide a valuable check on the validity of a resolution,
as well as providing initial parameter estimates.

(v) Model testing

The use of data fitting to determine the ““best’’ chemieal model is mainly
an exercise in statistics {66]. Regression analysis for this purpose is discussed
in ref. 1. Multiple linear regression was used to find spurious components in
4-ray spectra [226]. Otherwise model selection is not usually carried out sys-
tematically; an exception is provided by Varga et al. who investigated up to
128 models in a solvent extraction experiment [227].

An attempt was made to assign NMR spectra automatically by comparison
of all reasonable assignmentis [228]. An automatic selector of species present
in solution equilibria is discussed by Sillén and Warngvist [186] and has been
tentatively applied [229,230]. Generally, the computational effort required
for rigorous model testing is prohibitive as each model tested involves a com-
plete refinement. However, it is important if such a project is undertaken that
all refinements converge satisfactorily.

The number of species required to generate a set of absorption spectra ob-
tained by changing an independent variable can be found by moment analysis
[231]. In this way methyl red was shown to exist in three forms, by varying
pH [231].

Band resclution may be performed with simuitaneous determination of the
optimal band shapes {spline functions) [87]. This remarkable technique per-
mits an envelope to be resolved into a minimum number of bands and avoids
the difficulty that even well-resolved bands cannot be properly fitted when
using analytical shape functions. For example, skewed bands do not require
special treatment.

L. ALGORITHMS

Published algorithms have been indicated in the text. Some excellent private
libraries exist, such as that of the Nottingham Algerithms Group (NAG), but
are not generally accessible. For information about the Harwell library write
to Mr. S. Marlow, Building 8.12, A.E.R.E., Harwell, Berkshire (U.K.}. This is
useful for containing ruany of Powell’s and Fletcher’s original codings.

A suite of programs for absorption spectrophotometry is described by Jones
[232]. These include scale changes, peak and valley location, smoothing and
differentiation and a variety of band separation techniques. The texts of all
programs {FORTRAN) are available in the bulletins, refs. 15, 16 and 17,
quoted by Jones {232].
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